ABSTRACT. This article deals with a possibility to identify parameters of a selected growth model of two populations coupled by a predator-prey interaction from a set of observed data. It starts with a brief description of the Gause-type model and of a property (interior equilibrium stability) important from a point of view of an application. Subsequently, data for four forms of the trophic function are simulated and then, a noise was added to the simulated data such that the coefficients of variation equal to 0.2, 0.3 and 0.4. For each data set, the parameters are estimated using a procedure implemented in the R-language package and the coordinates of equilibrium are computed. Then we can evaluate the effect of changing variation to the values of parameters and (un)stability of the equilibrium.
Introduction
The aim of this paper is to check whether parameters of a particular ordinary differential equations system that models some real process can be identified from a limited set of observed data.
The problem of parameters identification has appeared as long as real phenomena have been described by mathematical models, see, e.g., [11] and references therein, or [6] for special case of population models. A disadvantage of methods described in the literature consists in the fact that they require a set of observed data large and accurate enough. But such a data set is not available in many practical situations. An immediate motivation for the presented investigation comes out from a model of mites community in Moravian vineyards, [5] -population densities of a pest mite and of its natural enemy were checked 11-times during vegetation season and the collected data were fitted to a predator-prey model by an ad hoc method. The obtained results served as arguments to assertion that the mites community possesses an asymptotically stable steady state and that a respective density of the pest lies under an injury level for grapes. This conclusion has been verified by several introductions of the predatory mite for grapevine protection. But a true consequent does not imply the correct assumptions or inference. Hence, the possibility of parameters identification from field data was reexamined in the paper [10] and the obtained results show that the identification of single parameters is not very reliable but the whole set of estimated parameters more or less correctly determines the location of the system equilibrium.
This paper searches answers to the questions:
1. How precise the observations should be to identified parameters be correct, i.e., how large relative deviation from theoretical values gives estimation of parameters with deviation small enough? 2. Do the parameters identified from data allow to establish stability of the system steady state? The method consists in a simulation of data by adding some random deviation (a noise) to a numerical solution of a differential equation model with definite parameters and in a subsequent estimation of parameters from the generated data. The parameters are identified by recent methods provided by the software package R-language, cf. [12] .
The subsequent section presents the predator-prey model forming a basis of the consideration and its elementary qualitative properties. The model is the standard Gause-type one introduced in the monograph [4] and dealt in all books on mathematical biology, e.g., in [2] , [7] . The property important from the point of view of the application is just the asymptotic stability of interior equilibrium, not the existence or uniqueness of a limit cycle.
The simulation of data and identification of parameters are described in the third section. The obtained results are summarized in the fourth section. A brief discussion of them and an indication of an intended future research conclude the paper.
Model
Models of a predator-prey interaction form one of classical parts of mathematical biology, see, e.g., [2] , [7] . We will use a model of prey population exhibiting intra-specific competition, i.e., a population in an environment with limited resources. In particular, we consider a population with logistic growth provided no predators are present. Predators are supposed to be specialized to the considered prey species, i.e., predatory population goes to exponential extinction if no prey is available. The predators destroy the prey population with a rate depending on the size (density) of the prey population and they convert the killed a) b) Figure 1 . Solution (left) and trajectory (right) of the system (1) with the parameters r = 5, K = 300, d = 4, S = 15, κ = 0.7, initial values x(0) = 9, y(0) = 2, and the trophic function ϕ = ϕ 1 given by the relation (2) with a = 0.01 and k = 1 (Fig. a) or k = 2 (Fig. b) .
prey into their growth rate with some efficiency. That is, we use the Gause-type predator-prey ODE model in the form
Here, x = x(t) and y = y(t) denote a time dependent size (or density) of the prey and predator populations, respectively, the parameters r, K, and d denote the prey growth rate, carrying capacity for the prey population, and the predator death rate, respectively. The real function ϕ is called trophic function; expresses a relative satiety of predator provided the size of prey population equals to x. We assume that the function ϕ is strictly increasing with the properties ϕ(0) = 0 and lim
i.e., if no prey is available the predators starve, if prey population is large, predators are totally satisfied. The parameter S represents the level of satiety of predator (the maximal possible size of prey population destroyed by predator population of unit size in a unit time), hence Sϕ(x) represents a size of prey population destroyed by a predator population of unit size in unit time. Finally,
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κ denotes the efficiency of conversion destroyed prey into the predator growth rate. All of the parameters are positive. For brevity, let us introduce the notation
The function q denotes the size (density) dependent growth rate of the prey population. We remind one property of the system (1) which is important from the point of view of the mentioned application: If d < κS then there exists an isolated steady state
, y * ) is locally asymptotically stable equilibrium.
We consider the trophic function ϕ in the form
where a is a positive parameter and k ∈ {1, 2}. The values k = 1 and k = 2 express the trophic function of the Holling type II and of the Holling type III, respectively. (The case k = 1 is used for invertebrates, the case k = 2 is used in environments where there are refuges for prey and/or predator has other food resources). Numerical solutions of the system (1) with the trophic function defined by one of the relations (2) can be found by the procedure lsoda of the program R-language. The algorithm automatically selects either Adams method (order 1-12 for "non-stiff systems") or backward differentiation formulas (order 1-5 for "stiff systems"), for details see [8] . The results are plotted on Figures 1 and 2 , the parameters were chosen such that the system possess asymptotically stable equilibrium.
Simulations
First, the set of equidistant nodal points t = (t 0 = 0, t 1 = 0.054, . . . , t 74 = 4) for independent variable (time) was chosen. The number 74 of nodal points is inspired by the mentioned application-it represents a maximal possible number of observations of mites community during a vegetation season of grapevine. For each of the nodal point, the corresponding values x(t i ) and y(t i ) were computed using numerical solution of the system (1) with one of the trophic functions (2); the parameters and the initial conditions were set to the values: The vector t represents observation times and the values x(t i ) and y(t i ) represent expected sizes of prey and predator populations, respectively. But observed sizes of population use to be affected by errors caused by inaccuracies in measurement, and/or by the fact that the real population sizes vary randomly around theoretical values, which are described by the deterministic model. We assume that the random variations are multiplicative and positive, since the population sizes need to be positive; the assumption is discussed in details in [6] . More precisely, we generate the values: where ε i , η i are realizations of random variables with lognormal distribution and the mean value equal to 1. The variability of biological processes usually equals to 20 % (for details see, e.g., [1] ) but it was higher in the mentioned mites community. Hence, the coefficient of variation of the random deviations ε, η from the set {0.2, 0.3, 0.4} come into usage in simulations. The generated data set X i , Y i , i = 1, 2, . . . , 74 serve as input for estimation of parameters of the model (1). We have utilized the subroutine fitOdeModel that is contained in the library simecol of program R-language. The procedure computes parameter values that minimize the sum of squared differences between simulated data and data obtained by numerical solution of the differential VÁCLAV PINK Table 3 . Characteristics of estimated parameters of the system (1) with the trophic function (2), ϕ = ϕ 2 , k = 1. equations. It contains several optimization methods; we have chosen the Nelder--Mead algorithm for the presented computations. The procedure fitOdeModel is described in the report [9] .
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Results
Twenty data sets were independently generated by the technique described in the previous section for each of the trophic functions ϕ i , for each of the values k = i, i = 1, 2 and for each of the variation coefficient values from the set {0.2, 0.3, 0.4}. The parameters of the system (1) were estimated using Table 4 . Characteristics of estimated parameters of the system (1) with the trophic function (2), ϕ = ϕ 2 , k = 2. the procedure fitOdeModel and the coordinates x * , y * of the steady state together with the criterion of stability C * S were computed for each of the data sets. The values for the minimizing iterations were subjected to the restrictions: 0.1 < r < 15, 5 < K < 1000, 0 < S < 30, 0 < a < 10, 0 < κ < 1, 0 < d < 15.
DETERMINISTIC MODELS AND IDENTIFICATION OF THEIR PARAMETERS
Basic statistical characteristics of the estimates are summarized in the Tables 1-4. The mean values and the medians of the parameters r, d, S, κ, a and of the coordinates x * , y * are sufficiently close to the true values. This optimistic observation is questioned by excessively out-lied extreme values of them. Moreover, the estimated carrying capacity K is unacceptable high for both of the trophic functions with k = 2. Hence, an answer to the first question from the introduction should be that the relative deviations from expected values of populations sizes for a reliable identification of parameters need to be smaller than the biologically realistic ones. However, the parameters of the system (1) (with possible exception of the carrying capacity K) may be estimated from field data provided the community evolves according to the model. Note also, that the range of estimated values increases with increasing coefficient of variation in majority of cases. But such an anticipated property is not true for all of the cases, for example, the range of estimated parameter d for the model with ϕ = ϕ 1 , k = 2 for coefficient of variation equals to 0.4 is less than the one for coefficient of variation equals to 0.2.
The value of the criterion C * S is positive for all of the simulated data. Therefore, our investigation allows the positive answer to the second question formulated in the introduction.
Conclusions and directions for a future research
The provided work verifies that the R-language procedure fitOdeModel is an appropriate tool for identifying parameters of the ODE model of a natural process. In the particular case of the Gause-type predator-prey model (1), the prey intrinsic growth rate r, the predator death rate d, the satiety level S of predator, and the efficiency κ of processing destroyed prey by predator can be estimated from field data under realistic mild assumptions. A problem arises with identification of the prey carrying capacity K-it is not identified correctly for the model with exponential trophic function ϕ 2 . This phenomenon may be caused by the fact that the solution of the ODE system tends quickly to the equilibrium value (cf. Figures 1 and 2 ) whose prey coordinate is far from the carrying capacity. Hence a comparison of parameter identification for systems with stable equilibrium point and with unstable steady state represents one line for a subsequent research.
The location and the stability of the interior equilibrium is identified correctly by the presented method. The question whether instability of steady state can be also recognized correctly remains open and it will be dealt in a future simulation study.
The presented results-identification of parameters from observed data-were obtained under the assumption that the underlying deterministic process of a natural phenomenon is known. But this need not be the actual case. Hence, investigation whether the proposed methods of a model identification are able to distinguish between two or more possible models of an observed ecological community poses a challenge for a future work.
